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Abstract 

Recently, asymptotic values of 2-color Ramsey numbers for loose cycles and also loose 
paths were determined. Here we determine the 2-color Ramsey number of 3-uniform loose 
paths when one of the paths is significantly larger than the other: for every n > 
show that 

R{Vl,Vl)=2n- 
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1 Introduction 

A hypergraph H is a pair % = (V, E), where V is a finite nonempty set (the set of vertices) and 
E is a collection of distinct nonempty subsets of V (the set of edges). A k-uniform hypergraph 
is a hypergraph such that all its edges have size k. For two A;-uniform hypergraphs H and Q, 
the Ramsey number R(7i,Q) is the smallest number N such that, in any red-blue coloring of 
the edges of the complete fc-uniform hypergraph on N vertices there is either a red copy of 
% or a blue copy of Q. There are several natural definitions for a cycle and a path in a uniform 
hypergraph. Here we consider the one called loose. A fc-uniform loose cycle C\ (shortly, a cycle 
of length n), is a hypergraph with vertex set {v±,V2, ■ ■ ■ , v n (k-i)} an d with the set of n edges 
e« = {^1,^2, • • • , Vk} + i(k — 1), i = 0, 1, . . . , n — 1, where we use mod n(k — 1) arithmetic and 
adding a number t to a set H = {t>i,t>2, • • • ,Vk} means a shift, i.e. the set obtained by adding 
t to subscripts of each element of H. Similarly, a /c-uniform loose path (simply, a path of 
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length n), is a hypergraph with vertex set {v\, v%, . . . ,?Vfc-i)+i} and with the set of n edges 
= {^1,^2; • • • , v k} + i{k — 1), « = 0, 1, . . . ,n — 1 and we denote this path by e^ei ■ ■ ■ e n -\. 
For k = 2 we get the usual definitions of a cycle and a path. In this case, a classical result 
in graph theory (see p]) states that R(P n ,P m ) = n + where n > m > 1. Moreover, 

the exact values of R(P n ,C m ) and R(C n ,C m ) for positive integers n and m are determined [5 . 
For k = 3 it was proved in [1] that i?(C^,C^), and consequently R(V^,V^) and i?("P^,C^), are 
asymptotically equal to Subsequently, Gyarfas et. al. in [3] extended this result to the 
&;-uniform loose cycles and proved that R(C^,C^), and consequently R(V^,Vn) and R(Vn,C^), 
are asymptotically equal to \{2k — l)n. For small cases, Gyarfas et. al. (see [2]) proved that 
R(V$,V$) = R(Vl Cf ) = R(C$, C$) + l = 3k-l and R{V\, V\) = R{V\,C\) = R{C\,Cl) + 1 = 
4k — 2. To see a survey on Ramsey numbers involving cycles see [6]. 

It is easy to see that N = (k — l)n + [^^^J is a lower bound for the Ramsey num- 
ber i?( , pk ) , p^J. To show this, partition the vertex set of into parts A and B, where 
\A\ = (k — l)n and \B\ = L^^J ~~ 1) color all edges that contain a vertex of B blue, and the 
rest red. Now, this coloring can not contain a red copy of "P^, since such a copy has (k — l)n + 1 
vertices. Clearly the longest blue path has length at most m — 1, which proves our claim. Us- 
ing the same argument we can see that N and N — 1 are the lower bounds for i?('P^,C^ t ) and 
R(Cn,Cm), respectively. In [2], motivated by the above facts and some other results, the authors 
conjectured that these lower bounds give the exact values of the mentioned Ramsey numbers 
for k = 3. In this paper, we consider this problem and we prove that i?('P^,'P^J = 2n + I 

for every n > L^f J • Throughout the paper, for a 2-edge coloring of a uniform hypergraph H, 
say red and blue, we denote by F re( i and Tuue the induced hypergraph on edges of colors red 
and blue, respectively. 



2 Preliminaries 

In this section, we present some lemmas which are essential in the proof of the main results. 

Lemma 2.1 Let n > m > 3 and /C* i) r j-fi m + 1 j ^ e %- e dge colored red and blue. If C T re d, 
then either V* C T red or C T Uu e- 

Proof. Let = {v i, t>2, • • • , v^} + i(k — 1) (mod n{k — 1)), i = 0, 1, . . . , n — 1, be the edges 

of C\ C J 7 ,,^ and = (xi , x^ m+i 1 1 be the set of the remaining vertices. Set e' = 

(eo \ {vi}) U {xi} and for 1 < i < m — 1 let 




(ei \ U if j is odd, 

(ej \ {u (i+1 )( fc _ 1)+1 }) U {ij+2} if « is even. 



If one of e[ is red, we have a monochromatic T 7 ^ C J> ec z, otherwise ege^ . . . e' m _ x form a blue 
which completes the proof. 
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Let V be a loose path and x, y be vertices which are not in V. By a w^ v . v . Vk y configuration, 
we mean a copy of V\ with edges {x,Vi,Vj} and {vj,Vk,y} so that i>/'s, I € {z, j, belong to 
two consecutive edges of V . The vertices x and y are called the end vertices of this configuration. 
Using this notation, we have the following lemmas. 



Lemma 2.2 Let n > 10, K,\ be 2-edge colored red and blue and V , say in F re( i, be a maximum 
path. Let A be the set of five consecutive vertices ofV. Lf W = {xi,X2,xs} is disjoint from V, 
then we have a ws -configuration in T\,\ue with two end vertices in W and S C A. 



Proof. First let A = eU e' for two edges e = {v i, V2, V3} and e' = {t>3, V4, v$}. Since V C T re & is 
maximal, at least one of the edges e\ = {xi,ui, v 2 } and e^ = {^2,^3,^2} must be blue. If both 
are blue, then e\e<i is such a configuration. So first let e\ be blue and e^ be red. Maximality of 
V implies that at least one of the edges e 3 = {X2, 1)1,1)4} or e^ = {£3,^2,^5} is blue (otherwise, 
replacing ee' by 636264 in V yields a red path greater than V, a contradiction), and clearly in each 
case we have a ^-configuration. Now, let e\ be red and e2 be blue. Clearly es = {t>2,t>4,X3} 
is blue and e2es form a ^-configuration. Now let A = {vi,V2, ■ ■ ■ ,v^} where e\ = {2, t>i, t^}, 
62 = {^2)^3)^4} and 63 = {t>4, v$, y} are three consecutive edges of V. If {2^, V2> ^3} is a red edge 
for some i G {1,2,3}, then {vs,V4,Xj} and {v3,Vs,Xj} are blue for j 7^ i and so we are done. 
By the same argument the theorem is true if {x«, V3, V4} is red. Now we may assume {v2,vs,Xi} 
and {^3,^4, Xi} are blue for each i € {1, 2, 3} and so there is nothing to prove. 



Lemma 2.3 Assume that n > 



5m 



and . m+1 , is 2-edge colored red and blue. IfP Q J-bh 

2n+ 1 j J 



4 

is a maximum path and W is the set of the vertices which are not covered by V , then for every 4 
consecutive edges e\, e2, e3, e4 ofV either there is aV\ C jF re d, say Q, between {ei, e 2 , e%, e^} and 
W with end vertices in W and with no the last vertex of e^ as a vertex such that \Wf\V(Q)\ < 5 
or there is a V\ C T re &, say Q, between {ei, e2, 63} and W with end vertices in W and with no 
the last vertex of e 3 as a vertex such that \W n V(Q)| < 4. In each of the above cases, each 
vertex of W except one vertex can be considered as the end vertex of Q. 

Proof. Suppose that ei,e2,e3,e4 be four consecutive edges in V. Let ej = {v2i-i,V2i,V2i+i}, 
1 < i < 4, and W = {xi,...,x t } and T = {1, 2, • • • ,t}. 

Case 1. For every 1 < i,j < t, {v±, V2, X{\ and {v2,V3,xj} are red. 

Subcase 1. For every 1 < k, I < t, the edges {^3,^4, Xk} and {t>4,t>5,x/} are red. 

So for each {ii, i 2 ,«3, *4> G P±(T), the edges, {x il ,v 1 ,V2},{v2,Xi 2 ,V3},{v 3 ,Xi 3 ,V4},{v4,v 5 ,Xi 4 } 
make a red V\ with end vertices x^ and x, 4 . 

Subcase 2. There exists 1 < k < t, such that the edge {v3,V4,Xk} is blue. 

So for each {h,h,h, } G i^CH with fc / « 2 , *3, {xi 1 ,v 1 ,v 2 },{v 2 ,v 3 , Xi 2 },{xi 2 ,v 5 ,v 4 }, 
v &i x iz\ are the edges of a red desired *P\ with end vertices X{ 1 and ccj 3 . 

Subcase 3. There exists 1 < k < t, such that the edge {v4,v^,,Xk} is blue. 

If for every 1 < i,j < t, the edges {v^,,VQ,Xi} and {vQ,v?,Xj} are red, then for every 
{ii,i2,i3,i4:} € P±(T) with 23 ^ k, we can find a red copy of V\ with edges {x^ , vi,V2},{v2,Xi 2 ,vs}, 
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{v 3 , V4, Xj 3 },{xj 3 , t>5, vq},{vq, v-j, Xi 4 } and end vertices and Xj 4 . Otherwise there exists 1 < / < 
t, such that either {v$vq,xi} or {vq,vj, x{\ is blue. For the first one, for every {i±, 12, is, i&} G 
P 4 (T) with i 3 / k,l and i 4 / /, {xi 1 ,v 1 ,V2},{v2,Xi 2 ,v 3 },{v 3 ,V4,Xi 3 },{xi 3 ,v 7 ,v 6 },{vQ,v 8 ,Xi 4 } 
make a red copy of V\ with end vertices x% x and Xj 4 and for the second one, for every {i\, 12, i 3 , } G 
P 3 (T) with I / i 2 ,«3 the edges, {x h , vi, v 2 , }, {t>2, v 3 , x i2 }, {x; 2 , v 6 , v 5 }, {v 5 , x i3 , x t } make a red 
Pf with end vertices x^ and y where y G {xj 3 ,x/}. 

Case 2. For some 1 < z < i, {fi, ^2, ^i} is blue. 

Subcase 1. For every 1 < k,l < t, the edges {v^,vq, Xk} and {vq,vy,xi} are red. 

For each {h,i2,i3,u} G P±(T) with «j 7^ ^ 1 < j < 4 , the edges, {xj x , Xj, f3},{v3, , ^2}, 
{t>2, f4, Xj 3 },{xj 3 , fs, vq},{vq, v-j, Xj 4 } make a red Pf with end vertices y, y G {xj^Xj}, and Xj 4 . 

Subcase 2. For some 1 < k < t, {vs,VQ,Xk} is blue. 

In this case, for each {ii,i2,h,u} G Pa{T) with ij 7^ i, 1 < j < 4, and 23,^4 / /c, the edges 
{xi 1 ,Xj,V3},{w 3 ,Xi 2 ,'U2},{v2,'y4,Xi3},{xi3,i;7,'i;6}, {^6,^8, ^4} make a red V\ with end vertices y, 
y G {xj^xj, and x i4 . 

Subcase 3. For some 1 < k < t, {v^,vj,Xj,} is blue. 

In this case, for each {11,12,13} G Ps(T) with ij 7^ i, 1 < j < 3, and ^2,^3 7^ ^, the edges 

{Xj^Xj,^},-^ , t>2, Xj 2 },{Xj 2 , 

v 5i x i3 } make a red T\ with end vertices y, y G {xi 1 , Xj}, 

and Xj 3 . 

Case 3. For some 1 < i < t, {v 2 ,v 3 Xi} is blue. 

Subcase 1. For every 1 < k, I < t, the edges {v 3 ,v<i, Xk} and {t>4,f5,x/} are red. 

For each {n,i 2 ,*3} G -P3CD with ^ 7^ z, 1 < j < 3, {xj^x^vi},^!, ^z^},^,^,^}; 
{f4,f5,Xj 3 } are the edges of a red V\ with end vertices y, y G {x^Xj}, and Xj 3 . 

Subcase 2. For some 1 < fc < t, {^3,V4,Xfc} is blue. 

In this case, for each {21,^2,23} G -PsC^) with ij 7^ i, 1 < j < 3, and 22,23 7^ the 
edges, {xi 1 ,Xi,vi},{vi,v 2 ,Xi 2 },{xi 2 ,vz,,V4 : },{v4 : ,VQ,Xi 3 } make a red copy of V\ with end vertices 
y, y G {x h ,Xi}, and x h . 

Subcase 3. For some 1 < k < t, {v^,v^,Xk\ is blue. 

If for every 1 < l,h < t, the edges {v$,vq,xi} and {vQ,vj,Xh} are red, then for each 
{*i,i2,*3,*4} G Pi(T) with 7^ 1 < j < 4, and i 3 7^ A;, the edges, {xj 1 ,x i ,?;i},{vi,Xi 2 ,'u 2 }, 
{^2 , f4, Xj 3 },{Xi 3 , , vj,Xi 4 } make a red P5 with end vertices y, y G {xj 15 Xj}, and Xj 4 . 

Otherwise there exists 1 < I < t, such that either {v§v§,xi} or {vq,vj,xi} is blue. For the first 
one, for each {^1,^2,^3,^4} G Pi{T) with i, 1 < j < i 3 k,l and Z4 7^ /, the edges 
^,Wl},{^l,^2,^2},{v2 , f4,Xj 3 }, {Xj 3 , V7,V6},{v 6 ,v 8 ,x i4 } make a red copy of P| with end 
vertices y, y G {xj^Xj} and Xj 4 . For the second one, for every {^1,^2,^3} G Ps(T) with ij 7^ i, 
1 < j < 3, and i 2 ,*3 / {fei, ^i, ^1}, ^2, ^ 2 }, {xi 2 , v±, x 6 }, {^6, ^5, ^ 3 }} is the set of the 
edges of a red V\ with end vertices y, y G {xj^Xj}, and Xj 3 . These observations complete the 
proof. ■ 
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Main Results 



In this section, we prove that i?('P^,'P^ i ) = 2n + ^^^J for every n > L^pJ- First we present 
several lemmas which will be our main tools in establishing the main theorem. 



Lemma 3.1 Assume thatn 



5 m 
4 

3 



and i [ m+1 J ^ s %~ e d9 e colored red and blue. IfV = V^-i 



is a maximum blue path, then 7^—1 ^ J~red- 

Proof. Let t = 2n + L 12 ^"] an d V = &\&2 ■ ■ • be a copy of V^-i ^ Tuue with edges 
ei = { Vl , W2,W3} + 2(i — 1), i = l,...,m-l. Set W = V(K%)\V(V). Using Lemma O there is a 
red path Q\ with end vertices x\ and y\ in W\ = W between E[ and W\ where E\ = {ei : i\ = 
1 < i < 4}, Ei = Ex \ {e 4 } &nd_E[ G {E x ,Ei}. Set i 2 = min{j : j G {»! + 3,ti + 4},&,- 
^2 = {ej : h < i < i2 + 3} and E 2 = E 2 \ {e; 2+3 } and W 2 = (W \ V(Q)) U {x 1: y x }. Again using 
Lemma [2731 there is a red path Q2 between E' 2 and W2 such that Q\ U Q2 is a red path with end 
vertices x 2 , y 2 in W 2 where E' 2 G {E 2 ,E 2 } and again set i 3 = min{j : j G {^2 + 3, i 2 +4}, ej E' 2 }, 
E 3 = { ei : i 3 < i < i 3 + 3}, £3 = £3 \ K+s} and W 3 = (W \ V(Q X U Q 2 )) U {x 2 ,y 2 }. Since 
|W| > m, using Lemma 12.31 by continuing the above process we can partition E(V) \ {e m -i} 
into classes -E^th, G {3,4} and at most one class of size r < 3 of the last edges such that 
for each i, there is a red Qi = V\ (resp. Qi = "Pf) between E[ and W with the properties in 
Lemma [2731 if \E[\ = 4 (resp. \E[\ = 3) and V' = L)Qi is a red path with end vertices x,y in W. 
Let h = \{i :\ E[ |= 4}| and Z 2 = 10 :| ^ |= 3}|. So m - 2 = 4Zi + 3Z 2 + r, < r < 3 and V' has 
5/i + 4/2 edges. One can easily check that 5Zi + 4Z2 > \{m — 2 — r). Also we have 



\W n < 4Zi + 3/ 2 + 1 = m - 1 



7". 



Let T = T/(/Q 3 ) \ (V(V) U ^(T'')) and suppose that m = 4k + p for some p, < p < 4. Therefore 
|T| > r + 2 if p = 0, 1 and |T| > r + 1 if p = 2, 3. Now we consider the following cases. 

Case 1. r = 0. 

Clearly \T\ > 1 and it is easy to see that V contains at least n — 2 edges. Let {u} C T. The 
maximality of V implies that the edge e = {v 2m -\,x, u} is red and hence V' U {e} is a red copy 

Case 2. r = 1. 

In this case, |T| > 2 and it is easy to see that V contains at least n — 3 edges. Let {u, v} C T. 
Clearly 7>' U {{v 2m - 2 , x, u}, {v 2m -i, u, v}} is a red copy of V\_ x . 

Case 3. r = 2. 

It is easy to see that |T| > 3 and V' contains at least n — 5 edges. Let T' = {u, v, w} C T. 
Since V(V') PI V(e m - 3 U e m _2) = by lemma [2721 there is a red ^^-configuration with S C 
e m _3 U e m _2 and its end vertices in T', say w and v. The maximality of "P implies that the edges 
{v 2m - 2 , x,u} and {v 2m -i,v,w} are red and clearly we have a red V^-i- 



Case 4. r = 3. 
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In this case, for p £ {2,3} we have \T\ > 4 and V' contains at least n — 5 edges. Using 
an argument similar to case 3 we can complete the proof. Now let p € {0, 1}. Then \T\ > 5 
and V' contains at least n — 6 edges. Set T' = {u, v, w, z, t} C T. By Lemma 12.21 there is a 
tu^-configuration C with S C V(e m -3 U e m _2) and end vertices in T', say u and u. Clearly 
V U {{y, io, V2m-2}, {v2m-2, z, t}, {v2 m -iit, u}} U C is a red V^-i- These observations complete 
the proof. ■ 



Lemma 3.2 Let n > 



5m 



and K? , m+1 be 2-edge colored red and blue. IfV^-i Q Fred be a 



maximum path, then C T\,iue- 

Proof. Let t = 2n + [^^p-J and V = e\e2 ■ ■ • e n _i be a copy of V^-i Q ^red with end edges 
ei = {fi,f2,f3} and e„_i = {v2 n ~3, V2n-2, V2n-i}- By Lemma [2.H we may assume that the 
subhypergraph induced by V(V) does not have a red copy of C\. Let W = V{K^) \ V(V) and 
let 2n — 2 = 5q + h where < h < 5. Partition the set V(V) \ {v±} into q classes A\, A2, ■ ■ ■ , A g 
of size five and one class A g +i = {v2 n -h, ■ ■ ■ , V2n-2, V2n-i} of size h if h > 0, so that each 
class contains consecutive vertices of V. Using Lemma 12.21 there is a blue ws 1 -configuration, 
ci, with the set of end vertices E\ C W and S\ Q A±. Let x\ € E\ and l?i be a 2-subset of 
\ E%. Again by Lemma 12.21 there is a blue ws 2 -configuration, C2, with the set of end vertices 
E2 Q {B\ U {^i}) and S2 C A 2 . If x\ E2, then let C3 be a blue zu^ -configuration with the set 
of end vertices E3 C {xi,y, z} and 53 C A3 where y £ B\ and z € W \ (E\ U £^)- If x\ £ -£2, 
then let C3 be a blue ws 3 -configuration with the set of end vertices £3 C {^2, y, z] and 53 C A3 
where X2 € E2 \ {x\} and {y, z} C W \ (E\ U E2). We continue this process to find the set of 
{ci, C2, . . . , c~qi} of configurations. When this process terminate, we have the paths Vy and Vy 
where I" > V > and Z" + Z' = 2g'. Let cc",y" (resp. x',y' if V > 0) be the end vertices of Vy 
(resp. V v ) in Let T = V(X|) \ (U(P) U U(^») U U(Pf)). Clearly |T| = + 1 - (q' + i) 

where i = 1 if I' = and i = 2 if /' > 0. Assume m = Ak + r for some r, < r < 3. We have the 
following cases. 

Case 1. r = 0. 

Since q > 2k — 1, we have 2</ > m — 2. On the other hand, |W| = [ m ^ 1 j + 1 and so 
2q' < m. If 2q' = m, then /' = and so Vyi =m is a blue path. Now we may assume that 
2q' = m — 2, and one can easily check that the vertices {i>2n-3> V2n-2, V2n-i} are not used in 
Vy L)Vi'. First let /' = 0. Then \T\ = 1 and we may assume T = {u}. Now using the maximality 
of V and the fact that C\ T re d, Vy U {{v2 n ~2, y", u}, {v2n-i, u, ^i}} is a blue V^. For I' > 0, 
V v > U {{v 2n -2, y", x'}} U V v U {{v 2 „-i, y', vi}} is a blue V^. 



Case 2. r = 1. 

Since | W \= + 1, 2q' < m + 1 and if the equality holds, then /' = 0. On the other 

hand, q > 2k and so 2q' > m — 1. Hence 2q' € {m + l,m — 1}. If 2q' = m + 1, then = 
and there is a blue Now let 2g' = m — 1. If /' = 0, then \T\ = 1, so T = {u} and hence 

Pi» U {{vt,u, y"}} is a blue V^. If /' > 0, then Vy U y", x'}} U P// is a blue 7^. 



Case 3. r = 2. 
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Using an argument similar to the case 1, we have 2q' 6 {m,m — 2} and if 2q' = m, then 
I' = and we have a blue Vi" =m . Again by an argument similar to the case 1 we have a blue 
V z . 

' m 

Case 4. r = 3. 

In this case, partition V(V) \ {^1,^2} into [ 2n 5 ~ 3 J classes of size five and possibly one class 
of size at most four. Then we repeat the mentioned process in the first of the proof to find blue 
paths Vi" and Vy with I" > I 1 > and I" + V = 2q'. Again using a similar argument in case 1, we 
have 2q' G {m + 1, m— 1, m — 3}. If 2g< / = m + 1, then we have I' = and so there is a blue "P m+ i- 
For 2(/ = m — 1, the assertion holds by an argument similar to the case 2. Now let 2q' = m — 3. If 
/' = 0, then \T\ = 2, so T = {u,v} and hence Vyi U {{v 2n -2, v 2 , y"}, {v2n-2,v,u}, {u, v\, v 2n -i}} 
is a blue T%,{ note that {^271-3) w 2n-2> f2n-l} H V(Vi») = 0). If /' > 0, then \T\ = 1, so T = {-u} 
and hence TV' U {{u2n-2, v 2 , y"}, {i>2n-2, x', u}} U Vy U {{?/', «i, «2n-l}} is a blue 7^ and the 
proof is completed. ■ 



Theorem 3.3 For every n > ^pj , 



R{Vlvl) = 2n + 



m+1 



Proof. We prove the theorem by induction on m + n. The proof of the case m = n = 1 is 
trivial. Suppose that form' + n'<m + n with n! > [^f-J , R(V^,V^,) = 2n' + . Now, 

be 2-edge colored red and blue. We may assume there is no red 



let n > 



5 m 
1 



j and let JC 



copy of Vt and no blue copy of V^. Consider the following cases. 



Case 1. 



n 



5m 
1 



J- 



Since R{Vl_ l ,Vl_ 1 ) = 2{n-l) + 



there is a V^-l C J> ed or a 



< 2n + 



m+1 
2 



by induction hypothesis, then either 



m—1 



C Tuue- If we have a red copy of V^ L _ 1 , then by Lemma 



we have a ^ -^Wue 

C J 7 ,,^ and using Lemma 



Now assume that there is a blue copy of Vf 



we have "P„ 



m _ 1 . Lemma |3. II implies that 
Q Fuue, a contradiction. 



Case 2. n > 



5 m 



In this case, n — 1 > 



5 m 



and since = 2(n - 1) + 



induction hypothesis we have a T 73 ^ C J> e rf. Using Lemma 
completes the proof. 



m+1 



< 2n + 



m+1 



, by 



we have a VI. C Tu U e and it 
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